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SLE(6) and the geometry of diusion fronts
Pierre Nolin
Courant Institute of Mathematial Sienes
Abstrat
We study the diusion front for a natural two-dimensional model where
many partiles starting at the origin diuse independently. It turns out
that this model an be desribed using properties of near-ritial pero-
lation, and provides a natural example where ritial fratal geometries
spontaneously arise.
1 Introdution
In this paper, we study a simple two-dimensional model on a planar lattie where
a large number of partiles, all starting at a given site, diuse independently.
As the partiles evolve, a onentration gradient appears, and the random inter-
faes that arise an be desribed by omparing the model to an inhomogeneous
perolation model (where the probability that a site is oupied or vaant de-
pends on its loation). We exhibit in partiular a regime where the (properly
resaled) interfaes are fratal with dimension 7/4: this model thus provides
a natural setting where a (stohastially-)fratal geometry spontaneously ap-
pears, as observed by statistial physiists, both on numerial simulations and
in real-life situations.
To our knowledge, the study of the geometry of suh diusion fronts has
been initiated by the physiists Gouyet, Rosso and Sapoval in [20℄. In that
1985 paper, they showed numerial evidene that suh interfaes are fratal,
and they measured the dimension Df = 1.76 ± 0.02. To arry on simulations,
they used the approximation that the status of the dierent sites (oupied
or not) are independent of eah other: they omputed the probability p(z) of
presene of a partile at site z, and introdued the gradient perolation model, an
inhomogeneous perolation proess with oupation parameter p(z). Gradient
perolation provides a model for phenomena like diusion or hemial ething
 the interfae reated by welding two piees of metal for instane  and it has
sine then been applied to a wide variety of situations (for more details, see the
reent aount [7℄ and the referenes therein).
Based on the observations that the front remains loalized where p(z) ≃ pc
and that the dimension Df was lose to 7/4, a value already observed for ritial
(homogeneous) perolation interfaes, they argued that there should be a lose
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similarity between these diusion fronts and the boundary of a large perolation
luster. For ritial perolation, this onjetured dimension 7/4 was justied
later via theoretial physis arguments (see for instane [19, 5, 2℄). In 2001,
thanks to Smirnov's proof of onformal invariane [21℄ and to SLE omputations
by Lawler, Shramm and Werner (see e.g. [13, 14℄), a omplete rigorous proof
appeared [3℄ in the ase of the triangular lattie. It is atually known that in
this ase, the interfaes are desribed by the so-alled SLE(6) proess, a proess
whih has Hausdor dimension 7/4. There is also a disrete ounterpart of this
result: the length of a disrete interfae follows a power law with exponent 7/4,
that omes from the arm exponents derived in [22℄. For more details, the reader
an onsult the referenes [10, 24℄.
In the paper [15℄, we have studied the gradient perolation model from a
mathematial perspetive, building on the works of Lawler, Shramm, Smirnov
and Werner. Combining their results with Kesten's saling relations [9℄, one rst
gets a rather preise desription of homogeneous perolation near ritiality in
two dimensions [22, 16℄, for instane the power law for the so-alled harateristi
length
ξ(p) = |p− 1/2|−4/3+o(1)
as p→ 1/2 (here and in the sequel we restrit ourselves to the triangular lattie
T). Estimates of this type (and the underlying tehniques) then enabled us to
verify the desription in [20℄ for gradient perolation, and to onrm rigorously
that dimension 7/4 shows up in this ontext.
The goal of the present paper is to investigate diusion front models math-
ematially, and to use our results onerning gradient perolation to show that
their geometry and roughness an also be rigorously desribed.
Let us now present our main model in more detail. We start at time t =
0 with a large number n of partiles loated at the origin, and we let them
perform independent (simple) random walks. At eah time t, we then look at
the sites ontaining at least one partile. These oupied sites an be grouped
into onneted omponents, or lusters, by onneting two oupied sites if
they are adjaent on the lattie.
As time t inreases, dierent regimes arise, as depited in Figure 1. Roughly
speaking and in the large n-limit, at rst, a very dense luster around the
origin forms. This lusters grows as long as t remains small ompared to n.
When t gets omparable to n, the luster rst ontinues to grow up to some
time tmax = λmaxn, then it starts to derease, and it nally disloates at some
ritial time tc = λcn  and it never re-appears. The onstants λmax < λc an
be expliitly omputed, and even if they depend on the underlying lattie, their
ratio is (expeted to be) universal, equal to 1/e.
To be more spei, the phase transition orresponding to λc an be de-
sribed as follows:
• When t = λn for λ < λc, then (with probability going to one as n→∞),
the origin belongs to a marosopi luster. Its boundary is roughly a
irle  we will provide a formula for its radius in terms of λ and n, it is
2
(a) t = 10. (b) t = 100. () t = 500.
(d) t = 1000. (e) t = 1463 (= ⌊λmaxn⌋). (f) t = 2500.
(g) t = 3977 (= ⌊λcn⌋). (h) t = 5000. (i) t = 10000.
Figure 1: Dierent stages of evolution as the time t inreases, for n = 10000
partiles.
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of order
√
n  and its roughness an be desribed via the dimension 7/4.
This is a dense phase.
• When t = λn for λ > λc, then all the lusters  in partiular the luster
of the origin  are very small, and the whole piture is stohastially
dominated by a subritial perolation piture. This is a dilute phase.
Atually, alongside these two prinipal regimes, at least two other interesting
ases ould be distinguished: the (near-)ritial regime when t is very lose to
λcn, and a short-time transitory regime when t is very small ompared to n
(t≪ nα for any α > 0, typially t = logn). We do not disuss these regimes in
the present paper.
We nally study a variant of this model, where now a soure reates new
partiles at the origin in a stationary way  one an for instane think of the
formation of an ink stain. If the new partiles arrive at a xed rate µ > 0, then
after some time, one observes a marosopi luster near the origin, that grows
as time passes. We explain briey how suh a model an be desribed using the
same tehniques and ideas.
To sum up, our results are thus strong evidene of universality for random
shapes in the real world. They indeed indiate that as soon as a density gra-
dient arises, random shapes similar to SLE(6) should appear  at least under
some hypotheses of regularity for the density, and of (approximate) spatial in-
dependene. However, note that it is explained in [17, 18℄ that these random
shapes are also somewhat dierent from SLE(6): they are loally asymmetri.
2 Setup and statement of the results
2.1 Desription of the model
As previously mentioned, our results will be obtained by omparing our model to
an (inhomogeneous) independent perolation proess, for some well-hosen o-
upation parameters. This proess is now rather well-understood, whih allows
one to get preise estimates on marosopi quantities related to the interfae,
suh as the size of its utuations or its length. In partiular, the interfae is
a fratal objet of dimension 7/4, whose geometry is lose to the geometry of
SLE(6), the Shramm-Loewner Evolution with parameter 6.
Reall that site perolation on a lattie G = (V,E), where V is the set of
verties (or sites), and E is the set of edges (or bonds) an be desribed as
follows. We onsider a family of parameters (p(z), z ∈ V ), and we delare eah
site z to be oupied with probability p(z), vaant with probability 1 − p(z),
independently of the other sites. We are then often interested in the onnetivity
properties of the set of oupied sites, that we group into onneted omponents,
or lusters. In the following, we use the term interfae for a urve on the
dual hexagonal lattie bordered by oupied sites on one side, and by vaant
sites on the other side (the boundary of a nite luster for instane).
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In the standard homogeneous ase where p(z) ≡ p ∈ [0, 1], it is known for
a large lass of latties that there is a phase transition at a ertain ritial
parameter pc ∈ (0, 1) (depending on the lattie), and it is a elebrated result of
Kesten [8℄ that pc = 1/2 on the triangular lattie T = (V
T ,ET ): when p ≤ 1/2
there is (a.s.) no innite luster, while for p > 1/2 there is (a.s.) a unique
innite luster. At the transition exatly, for the value p = pc of the parameter,
lies the ritial regime. This regime turns out to be onformally invariant in
the saling limit, a very strong property established by Smirnov [21℄ that allows
one to prove that luster boundaries onverge to SLE(6). One an then use
SLE omputations [13, 14℄ to derive most ritial exponents assoiated with
perolation [22℄.
From now on, we fous on the lattie T, sine at present this is the lattie for
whih the most preise properties, like the value of the ritial exponents, are
known rigorously  a key step being the previously-mentioned onformal invari-
ane property [21℄, a proof of whih is still missing on other latties. However,
let us mention that most results remain valid on other ommon regular latties
like Z
2
, exept those expliitly referring to the value of ritial exponents, like
the fratal dimension of the boundary (see Setion 8.1 in [16℄ for a disussion of
this issue).
As usual in the statistial physis literature, the notation f ≍ g means that
there exist two onstants C1, C2 > 0 suh that C1g ≤ f ≤ C2g, while f ≈ g
means that log f/log g → 1  we also sometimes use the notation ≃, whih
has no preise mathematial meaning.
Let us now desribe the model itself. We assume that at time t = 0, a xed
number n of partiles are deposited at the origin, and we let these partiles
perform independent random walks on the lattie, with equal transition proba-
bilities 1/6 on every edge. We then look, at eah time t, at the oupied sites
ontaining at least one partile  note that we do not make any exlusion hy-
pothesis, a given site an ontain several partiles at the same time. We denote
by πt = (πt(z), z ∈ VT ) the distribution after t steps of a simple random walk
starting from 0, so that the probability of oupation for a site z is
p˜n,t(z) = 1− (1− πt(z))n ≃ 1− e−nπt(z), (2.1)
and we expet
πt(z) ≃ CT
t
e−‖z‖
2/t
for some onstant CT depending only on the lattie. For our purpose, we will
need a rather strong version of this Loal Central Limit Theorem type estimate,
that we state in the next setion. We also denote by Nn,t(z) the number of
partiles at site z, at time t.
Roughly speaking, p˜n,t(z) is maximal for z = 0, and p˜n,t(0) dereases to 0 as
the partiles evolve. Hene, dierent regimes arise aording to t: if pn,t(0) >
1/2, the piture near the origin is similar to super-ritial perolation. There
is thus a giant omponent around the origin, whose boundary is loated in a
region where the probability of oupation is lose to pc = 1/2. On the other
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hand, if pn,t(0) < 1/2 the model behaves like sub-ritial perolation, so that
all the dierent lusters are very small.
2.2 Main ingredients
Loal Central Limit Theorem
To desribe the ne loal struture of the boundary, we need preise estimates
for πt. We use the following form of the Loal Central Limit Theorem:
πt(z) =
√
3
2πt
e−‖z‖
2/t
[
1 +O
(
1
t3/4
)]
(2.2)
uniformly for z ∈ VT , ‖z‖ ≤ t9/16. This equation means that loally, the
estimate given by the Central Limit Theorem holds uniformly: the onstant√
3/2 omes from the density of sites on the triangular lattie.
This result is sharper than the estimates stated in the lassi referenes
[23, 11℄, in partiular for atypial values like C
√
t log t, and suh a strong form
is needed below. It an be found in Chapter 2 of [12℄, where estimates are derived
for random walks with inrement distribution having an exponential moment.
In that book, results are stated for Z
2
, but they an easily be translated into
results for the triangular lattie T by onsidering a linear transformation of T
onto Z
2
. One an take for instane the mapping x+eiπ/3y 7→ x+ iy (in omplex
notation), whih amounts to embedding T onto Z
2
by adding NW-SE diagonals
on every fae of Z
2
 one then has to onsider the random walk with steps
uniform on {(±1, 0), (0,±1), (±1,∓1)}.
We also use several times the following a-priori upper bound on πt(z), pro-
viding exponential deay for sites z at distane ≥ t1/2+ǫ: for some universal
onstant C > 0, we have
πt(z) ≤ Ce−‖z‖
2/2t
(2.3)
for all sites z, for any time t ≥ 0. This bound is for instane a diret onsequene
of Hoeding's inequality.
Poisson approximation
Note that if we take a Poissonian number of partiles N ∼ P(n), instead of
a xed number, the thinning property of the Poisson distribution immediately
implies that the random variables (Nn,t(z), z ∈ VT ) are independent of eah
other, with Nn,t(z) ∼ P(nπt(z)). We thus simply get an independent perola-
tion proess with parameters
pn,t(z) = 1− e−nπt(z). (2.4)
As will soon beome lear, this Poisson approximation turns out to be valid,
sine we only need to observe a negligible fration of the partiles to fully de-
sribe the boundary: what we observe loally looks very similar to the Poisso-
nian ase. For that, we use the lassi Chen-Stein bound (see Theorem 2.M on
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p.34 in [4℄, or [6℄). Assume that W = X1 + . . .+Xk is a sum of k independent
random variables, with Xi ∼ B(pi). Then for λ = E[W ] =
∑k
i=1 pi, we have for
the total variation norm
∥∥L(W )− P(λ)∥∥
TV
≤ 1− e
−λ
λ
k∑
i=1
p2i . (2.5)
Now, assume that we look at what happens in a (small) subset A of the sites.
The distribution in A an be obtained by rst drawing how many partiles fall
in A, and then hoosing aordingly the onguration in A. Eah partile has a
probability πt(A) =
∑
z∈A πt(z) to be in A, so that the number of partiles in
A is Nt(A) ∼ B(n, πt(A)), and the Chen-Stein bound implies that (λ = nπt(A)
in this ase)
∥∥L(Nt(A)) − P(nπt(A))∥∥TV ≤ 1nπt(A)nπt(A)2 = πt(A). (2.6)
We an thus ouple Nt(A) with NA ∼ P(nπt(A)) so that they are equal with
probability at least 1− πt(A), whih tends to 1 if A is indeed negligible. Hene
to summarize, we an ensure that the onguration in A oinides with the
Poissonian onguration, i.e. with the result of an independent perolation
proess, with probability at least 1− πt(A).
Radial gradient perolation
We use earlier results on near-ritial perolation, espeially Kesten's paper [9℄.
All the results that we will use here are stated and derived in [16℄, and we
follow the notations of that paper. In partiular, we use the basis (1, eiπ/3),
so that [a1, a2] × [b1, b2] refers to the parallelogram with orners ai + bjeiπ/3
(i, j ∈ {1, 2}).
We reall that the harateristi length is dened as
Lǫ(p) = min{n s.t. Pp(CH([0, n]× [0, n])) ≤ ǫ} (2.7)
when p < 1/2 (CH denoting the existene of a horizontal oupied rossing),
and the same with vaant rossings when p > 1/2 (so that Lǫ(p) = Lǫ(1 − p)),
for any ǫ ∈ (0, 1/2), and that we have
Lǫ(p) ≍ Lǫ′(p) ≈ |p− 1/2|−4/3 (2.8)
for any two xed 0 < ǫ, ǫ′ < 1/2. We will also use the property of exponential
deay with respet to L: for any ǫ ∈ (0, 1/2) and any k ≥ 1, there exist some
universal onstants Ci = Ci(k, ǫ) suh that
Pp(CH([0, n]× [0, kn])) ≤ C1e−C2n/Lǫ(p) (2.9)
uniformly for p < 1/2 and n ≥ 1. In the following, we x a value of ǫ, for
instane ǫ = 1/4, and we simply write L, forgetting about the dependene on ǫ.
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The aforementioned approximation allows to use for our model results on-
erning the independent Bernoulli ase: we hene onsider a radial gradi-
ent perolation, a perolation proess where the parameter dereases with the
distane to the origin. Let us rst reall the desription obtained in a strip
[0, ℓN ] × [0, N ] with a onstant vertial gradient, i.e. with parameter p(y) =
1 − y/N : we will explain later how to adapt these results in our setting. The
harateristi phenomenon is the appearane of a unique front, an interfae
touhing at the same time the oupied luster at the bottom of the strip and
the vaant luster at the top: if ℓN ≥ N4/7+δ for some δ > 0, this happens with
high probability (tending to 1 as n→∞). Moreover, for any xed small ǫ > 0,
also with high probability,
(i) this front remains loalized around the line y = yc = ⌊N/2⌋, where p(y) ≃
1/2, and its utuations ompared to this line are of order
σN = sup
{
σ s.t. L(p(yc + σ)) ≥ σ
} ≈ N4/7, (2.10)
more preisely they are smaller than N4/7+ǫ (the front remains in a strip
of width 2N4/7+ǫ around y = yc), and larger than N
4/7−ǫ
(both above
and below y = yc),
(ii) and sine it remains around the line y = yc, its behavior is omparable
to that of ritial perolation, so that in partiular its ne struture an
be desribed via the exponents for ritial perolation: for instane, its
disrete length LN satises
N3/7−ǫℓN ≤ LN ≤ N3/7+ǫℓN . (2.11)
2.3 Statement of the results
In view of the previous setions, let us introdue
π¯t(r) =
√
3
2πt
e−r
2/t
(2.12)
(so that πt(z) = π¯t(‖z‖)[1 + O(1/t3/4)] uniformly for ‖z‖ ≤ t9/16 by Eq.(2.2)),
and the assoiated Poissonian parameters
p¯n,t(r) = 1− e−nπ¯t(r). (2.13)
Sine p¯n,t is a dereasing ontinuous funtion of r, and tends to 0 when
r → ∞, there is a unique r suh that p¯n,t(r) = 1/2 i p¯n,t(0) ≥ 1/2, or
equivalently i t ≤ tc = λcn, with
λc =
√
3
2π log 2
(≃ 0.397 . . .). (2.14)
We introdue in this ase
r∗n,t = (p¯n,t)
−1(1/2), (2.15)
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where (p¯n,t)
−1
denotes the inverse funtion of p¯n,t. In partiular, r
∗
n,t = 0 when
t = λcn. One an easily hek that
r∗n,t =
√
t log
λc
t/n
, (2.16)
and a small alulation shows that r∗n,t, as a funtion of t, inreases on (0, λmaxn]
and then dereases on [λmaxn, λcn] (nally being equal to 0), with
λmax =
λc
e
=
√
3
2eπ log 2
(≃ 0.146 . . .). (2.17)
In partiular, the ratio tmax/tc is equal to 1/e, and is thus independent of n 
and though the lattie appears in λc and λmax, as the density of sites,
√
3/2
here, it disappears when we take the ratio tmax/tc. For future referene, note
also that
• when t = λn, for some xed λ < λc, then r∗n,t inreases as
√
t ≍ √n:
r∗n,t =
√
log
λc
λ
√
t,
• when t = nα, for some 0 < α < 1,
r∗n,t =
√
t
√(
1
α
− 1
)
log t+ logλc =
√
1
α
− 1
√
t log t+O
( √
t√
log t
)
.
We also introdue
σ±n,t = sup
{
σ s.t. L(p(⌊r∗n,t⌋ ± σ)) ≥ σ
}
(2.18)
that will measure the utuations of the interfae. We will see that σ±n,t ≈ t2/7
under suitable hypotheses on n and t. We are now in a position to state our
main result. We denote by Sr (resp. Sr,r′) the irle of radius r (resp. the
annulus of radii r < r′) entered at the origin.
Theorem 1. Consider some sequene tn →∞. Then
(i) If tn ≥ λn for some λ > λc, then there exists a onstant c = c(λ) suh
that
Pn,t(every luster is of diameter ≤ c logn)→ 1
as n→∞.
(ii) If e(logn)
α ≤ tn ≤ λ′n for some α ∈ (0, 1) and λ′ < λc, then for any xed
small ǫ > 0, the following properties hold with probability tending to 1 as
n→∞:
(a) there is a unique interfae γn surrounding ∂Stǫn,
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(b) this interfae remains loalized in the annulus of width 2t
2/7+ǫ
n around
∂Sr∗n,tn (reall that r
∗
n,tn ≈
√
tn), and ompared to this irle, its
utuations, both inward and outward, are larger than t
2/7−ǫ
n ,
() its length  number of edges  Ln satises t
5/7−ǫ
n ≤ Ln ≤ t5/7+ǫn (in
other words, it behaves as Ln ≈ t5/7n ).
3 Proofs
From now on, we hoose not to mention the dependene of t on n in most
instanes, for notational onveniene.
Case (i): tn ≥ λn for some λ > λc
Let us start with ase (i), whih is the simpler one. In this ase, the hypothesis
tn ≥ λn implies that for any site z,
p¯n,t(‖z‖) ≤ p¯n,t(0) ≤ 1− e−
λc
λ log 2 = ρ < 1/2. (3.1)
For z suh that ‖z‖ ≤ t9/16, sine
πt(z) = π¯t(‖z‖)[1 +O(1/t3/4)] = π¯t(‖z‖) +O(1/n7/4)
uniformly, we also have
pn,t(z) = 1− e−nπt(z) = 1− e−nπ¯t(‖z‖)+O(1/n
3/4) ≤ ρ′ < 1/2 (3.2)
for some ρ′ > ρ. Moreover, this bound also holds for ‖z‖ ≥ t9/16 by Eq.(2.3).
This enables us to dominate our model by a subritial perolation proess.
Take some δ > 0, and onsider the model with N ∼ P((1 + δ)n) partiles:
N ≥ n with probability tending to 1, and in this ase the resulting onguration
dominates the original one. Moreover, if we hoose δ suh that
λc(1 + δ)n ≤ λ+ λc
2
n,
the hypothesis tn ≥ λ˜(1 + δ)n holds for some λ˜ ∈ (λc, λ), so that the bound
(3.2) is satised by the assoiated parameters for some ρ′′ ∈ (ρ′, 1/2).
Let us assume furthermore that t ≤ n3, and subdivide St into ∼ t2 horizontal
and vertial parallelograms of size
c
2 logn × c logn. Any luster of diameter
larger than c logn would have to ross one of these parallelograms in the easy
diretion, whih  using the exponential deay property of perolation  has a
probability at most
C0t
2e−C(ρ
′′)c logn ≤ C0n6−C(ρ
′′)c, (3.3)
that tends to 0 as n→∞ for c large enough.
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In fat, the ase t ≥ n3 an be handled more diretly. We dominate our
model by using N ∼ P(2n): N ≥ n with high probability, and we have
πt(z) = π¯t(‖z‖)[1 +O(1/t3/4)] = O(1/n3),
so that p2n,t(z) = O(1/n
2). Hene, the probability to observe two neighboring
sites is at most
∑
z∈VT
∑
z′∼z
p2n,t(z)p2n,t(z
′) ≤ 6 max
z′∈VT
p2n,t(z
′)×
( ∑
z∈VT
p2n,t(z)
)
= O
(
1
n
)
,
sine
∑
z∈VT p2n,t(z) ≤ 2n.
Case (ii): e(logn)
α ≤ tn ≤ λ′n for some α ∈ (0, 1) and λ′ < λc
Let us turn now to ase (ii). First of all, the hypothesis on tn ensures that
Cλ′
√
t ≤ r∗n,t ≤ Cα(log t)1/2α
√
t (3.4)
Let us rst study the behavior of p¯n,t around r
∗
n,t: we have
∂
∂r
p¯n,t(r) = (1 − p¯n,t(r)) ×
(
log(1− p¯n,t(r))
) × (2r
t
)
. (3.5)
The hypothesis tn ≤ λ′n also implies that
p¯n,t(0) ≥ 1/2 + 2δ (3.6)
for some δ > 0 (like in Eq.(3.1)). We an thus dene
r−n,t = (p¯n,t)
−1(1/2 + δ) and r+n,t = (p¯n,t)
−1(1/2− δ) (3.7)
as we dened r∗n,t, so that p¯n,t(r) is bounded away from 0 and 1 for r ∈ [r−n,t, r+n,t].
Note that it also implies that nπ¯t(r) is bounded away from 0 and∞. A formula
similar to Eq.(2.16) apply in this ase, in partiular we have
C±λ′
√
t ≤ r±n,t ≤ C±α (log t)1/2α
√
t. (3.8)
Hene, we get from Eq.(3.5) that for r ∈ [r−n,t, r+n,t],
− C1(log t)
1/2α
√
t
≤ ∂
∂r
p¯n,t(r) ≤ −C2√
t
. (3.9)
We dedue
1
2
− C1(log t)
1/2α
√
t
(
r − r∗n,t
) ≤ p¯n,t(r) ≤ 1
2
− C2√
t
(
r − r∗n,t
)
(3.10)
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Sr∗n,t−t2/7+ǫ,r∗n,t−t2/7+ǫ/2
Sr∗n,t+t2/7+ǫ/2,r∗n,t+t2/7+ǫ
∂Sr∗n,t
Stǫ,2tǫ r = r
−
n,t r = r
+
n,t
s−1s−2s
−
3
s+1 s+2 s
+
3
Figure 2: Constrution showing loalization of the marosopi interfae in
Sr∗n,t−t2/7+ǫ,r∗n,t+t2/7+ǫ .
for r ∈ [r∗n,t, r+n,t], and the same is true with inequalities reversed for r ∈
[r−n,t, r
∗
n,t]. Now, for any z in the annulus Sr−n,t,r
+
n,t
,
pn,t(z)− p¯n,t(z) = e−nπ¯t(‖z‖)
(
1− en(π¯t(‖z‖)−πt(z))), (3.11)
and using Eq.(2.2), we get n(π¯t(‖z‖) − πt(z)) = (nπ¯t(‖z‖)) × O(1/t3/4) =
O(1/t3/4), so that
pn,t(z)− p¯n,t(z) = O(1/t3/4). (3.12)
Hene, Eq.(3.10) is also valid with pn,t(z), taking dierent onstants if neessary:
pn,t(z) =
1
2
− ǫ(z)√
t
(‖z‖ − r∗n,t), (3.13)
where C′1 ≤ ǫ(z) ≤ C′2(log t)1/2α.
We now apply a Poissonian approximation, as explained in Setion 2.2, in
a well-hosen subset A of sites  typially an annulus of width t2/7+ǫ around
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∂Sr∗n,t, but we need to enhane it a little bit. More preisely, we onsider
the onguration depited on Figure 2: we take as a subset A of sites the
annulus Sr∗n,t−2t2/7+ǫ,r∗n,t+2t2/7+ǫ , together with the smaller annulus Stǫ,2tǫ and
some strips onneting these annuli, s−1 = [r
−
n,t/2, r
∗
n,t−0.99×t2/7+ǫ]×[0, t2/7+ǫ],
s−3 = [0, r
−
n,t] × [0, tǫ] and some vertial strip s−2 in the middle. We also add
external strips, s+1 = [r
∗
n,t + 0.99× t2/7+ǫ, 2r+n,t]× [0, t2/7+ǫ] and s+3 = [r+n,t, t]×
[0, tǫ], onneted by a vertial strip s+2 .
We laim that for this hoie of A, we have
πt(A) = O(t
−3/14+2ǫ). (3.14)
Indeed, this is a diret onsequene of πt(z) = O(1/t) and r
∗
n,t = O(
√
t log t),
exept for the most external strip s+3 = [r
+
n,t, t]× [0, tǫ]: for this strip, we have
(reall that r+n,t ≥ C+λ′
√
t)
πt(s
+
3 ) = O
(
tǫ
t9/16∑
r=C+
λ′
√
t
1
t
e−r
2/t
)
+O
(
tǫ × t× e−t1/8/2
)
= O(t−1/2+ǫ),
using Eqs.(2.2) and (2.3).
In both annuli Sr∗n,t−2t2/7+ǫ,r∗n,t−t2/7+ǫ and Sr∗n,t+t2/7+ǫ,r∗n,t+2t2/7+ǫ , the orre-
lation length is at most
L
(
1
2
± C2√
t
t2/7+ǫ
)
= L
(
1
2
± C2t−3/14+ǫ
)
≈ t2/7−4ǫ/3, (3.15)
the property of exponential deay with respet to L (Eq.(2.9)) thus implies that
there are iruits in these annuli, an oupied iruit in the internal one and
a vaant iruit in the external one: indeed, these iruits an be onstruted
with roughly r∗n,t/t
2/7 ≈ t3/14 overlapping parallelograms of size 2t2/7 × t2/7
(this size is at the same time ≫ t2/7−4ǫ/3, so that rossing probabilities tend
to 1 sub-exponentially fast, and ≪ t2/7+ǫ). For the same reason, there are also
oupied rossings in s−1 and s
−
2 , and vaant rossings in s
+
1 and s
+
2 . Sine the
parameter pn,t is at least 1/2 + δ in Sr−n,t
, there is also an oupied rossing
in s−3 , and an oupied iruit in Stǫ,2tǫ . Sine pn,t is at most 1/2 − δ outside
of Sr+n,t
, there is also a vaant rossing in s+3 . As a onsequene, the potential
interfaes have to be loated in the annulus Sr∗n,t−2t2/7+ǫ,r∗n,t+2t2/7+ǫ .
Let us now onsider of order r∗n,t/t
2/7+ǫ ≈ t3/14−ǫ sub-setions of length
t2/7+ǫ in the main annulus as on Figure 3. If we use the same onstrution
as for uniqueness in Proposition 7 of [15℄ (see also [17℄), we an then show
that with probability tending to 1, there is an edge e (on the dual lattie) in
Sr∗n,t−t2/7+ǫ,r∗n,t+t2/7+ǫ with two arms, one oupied going to ∂Sr∗n,t−2t2/7+ǫ and
one vaant to ∂Sr∗n,t+2t2/7+ǫ . In this ase, the interfae is unique, and an be
haraterized as the set of edges possessing two suh arms.
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eFigure 3: By onsidering sub-setions of the main annulus, we an show the
existene of an edge in Sr∗n,t−t2/7+ǫ,r∗n,t+t2/7+ǫ possessing two arms as depited,
whih implies uniqueness of the interfae.
To see that the utuations of the interfae are larger than t2/7−ǫ, we an
use bloking vertial rossings as for Theorem 6 in [15℄: the denition of L
indeed implies that in eah rhombus of size 2t2/7−ǫ entered on ∂Sr∗n,t , there is
a vertial rossing with probability bounded below by 1/4.
We have just seen that the interfae an be haraterized as the set of two-
arm edges. This allows to desribe its ne loal struture, by omparing it to
ritial perolation interfaes like in [15℄. Hene, its length  number of edges 
behaves in expetation as
E[Ln] ≈ t2/7
√
t(t2/7)−1/4 = t5/7, (3.16)
α2 = 1/4 being the so-alled two-arm exponent measuring the probability
for ritial perolation to observe two arms: the probability to observe two
suh arms going to distane n dereases as n−α2 . Moreover, a deorrelation
property between the dierent sub-setions also holds, as in [15℄, so that Ln is
onentrated around its expetation: more preisely, Ln/E[Ln] → 1 in L2 as
n→∞.
Remark 2. We ould also onstrut saling limits as in [17℄, using the teh-
nology of Aizenman and Burhard [1℄ to prove tighness. One an for example
look at the portion of the interfae lose to the x-axis and sale it by a quantity
of order t2/7 (the right quantity is alled harateristi length for the gradient
perolation model in [17℄). The urves we get in this way are of Hausdor
dimension 7/4, as for ritial perolation.
Remark 3. Here ase (ii) ontains simultaneously the two ases t ∼ λn (for
λ < λc) and t ∼ nα. However, note that these two regimes an be distinguished
by the size of the transition window, where the parameter dereases from 1/2+δ
to 1/2− δ, as shown on Figure 4:
• When t ∼ λn, the transition takes plae gradually with respet to √t. The
parameter at the origin is bounded away from 1, so that there are holes
everywhere, even near the origin.
• When t ∼ nα, the transition is onentrated in a window of size ∼ √t/√log t
around r∗ ≍ √t log t. The parameter at the origin tends to 1, and the
marosopi luster is very dense around the origin.
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Here we used that around r∗n,t, the loal behavior of pn,t is similar for all t suh
that e(logn)
α ≤ t ≤ λ′n, with at most an extra (log t)1/2α fator that does not
aet the exponents.
4 Model with a soure
We briey disuss in this setion a dynamial model with a soure of partiles
at the origin (think for instane of an ink stain spreading out). We start with
no partiles, and at eah time t ≥ 0, new partiles are added at the origin with
rate µ: the number nt of new partiles at time t has distribution P(µ) for some
xed µ > 0. One arrived, the partiles perform independent simple random
walks. As shown on Figure 5, we observe in this setting a marosopi luster
around the origin, whose size inreases as the number of partiles gets larger
and larger.
The number of partiles Nt(z) on site z at time t is given by a sum of
independent Poisson random variables:
Nt(z) ∼ P(µπt(z)) + . . .+ P(µπ0(z)) ∼ P(µρt(z)), (4.1)
with
ρt(z) =
t∑
u=0
πu(z). (4.2)
We thus introdue as for the previous model
qµ,t(z) = 1− e−µρt(z). (4.3)
For any value of µ, this parameter tends to 1 near the origin, and this
dynamial model turns out to behave like the previous model in dense phase.
We show that the onstrutions of the previous setion an easily be adapted
to this new setting.
Lemma 4. For eah ǫ > 0, there exist onstants Ci = Ci(ǫ) suh that
ρt(z) ≥ C1 log t− C2 (4.4)
uniformly on sites z suh that ‖z‖ ≤ t1/2−ǫ.
Hene in partiular, qµ,t(z)→ 1 uniformly on St1/2−ǫ .
Proof. We write
ρt(z) ≥
t∑
u=t1−2ǫ
πu(z) ≥
t∑
u=t1−2ǫ
( √
3
2πu
e−‖z‖
2/u +O
(
1
u7/4
))
.
Sine ‖z‖2/u ≤ t1−2ǫ/u ≤ 1, and ∑tu=t1−2ǫ 1/u7/4 ≤∑∞u=1 1/u7/4 <∞, we get
ρt(z) ≥
√
3e−1
2π
( t∑
u=t1−2ǫ
1
u
)
− C, (4.5)
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(a) t≪ n: loalized transition.
(b) t ∼ n: gradual transition.
Figure 4: Cluster of the origin in dense phase.
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(a) t = 10. (b) t = 100. () t = 1000.
Figure 5: A stain growing as the time t inreases, with new partiles arriving
at rate µ = 50.
whene the result, sine
t∑
u=t1−2ǫ
1
u
=
(
log t+ γ + o(1)
)− ((1 − 2ǫ) log t+ γ + o(1))
= 2ǫ log t+ o(1).
Let us now onsider for r > 0
ρ¯t(r) =
√
3
2π
∫ +∞
r2/t
e−u
u
du, (4.6)
and also
q¯µ,t(r) = 1− e−µρ¯t(r). (4.7)
Lemma 5. We have
ρt(z) = ρ¯t(‖z‖) +O
(
1
t9/16
)
(4.8)
uniformly on sites z suh that ‖z‖ ≥ t7/16.
Proof. We write
ρt(z) =
t3/4∑
u=0
πu(z) +
t∑
u=t3/4+1
πu(z)
=
t3/4∑
u=0
πu(z) +
t∑
u=t3/4+1
( √
3
2πu
e−‖z‖
2/u +O
(
1
u7/4
))
.
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For eah 0 ≤ u ≤ t3/4, we have by Eq.(2.3)
πu(z) ≤ Ce−‖z‖
2/2u ≤ Ce−t1/8/2 (4.9)
sine ‖z‖2 ≥ t7/8, so that the orresponding sum is aO(t3/4e−t1/8/2) = o(1/t3/4).
We also have
t∑
u=t3/4+1
O
(
1
u7/4
)
= O
(
1
t9/16
)
.
Let us now estimate the main sum. We an write
t∑
u=t3/4+1
1
u
e−‖z‖
2/u =
t∑
u=t3/4+1
1
t
fλ
(
u
t
)
, (4.10)
with fλ(x) = e
−λ/x/x and λ = ‖z‖2/t ≥ t−1/8, and we have∣∣∣∣∣
t∑
u=t3/4+1
1
t
fλ
(
u
t
)
−
∫ 1
t−1/4
fλ(x)dx
∣∣∣∣∣ ≤
t∑
u=t3/4+1
∫ u/t
(u−1)/t
∣∣∣∣∣fλ
(
u
t
)
− fλ(x)
∣∣∣∣∣dx.
(4.11)
By an easy alulation,
f ′λ(x) =
1
x2
(
λ
x
− 1
)
e−λ/x =
1
λ2
g
(
λ
x
)
,
with g(y) = y2(y − 1)e−y, that is bounded on [0,+∞). Hene for some M > 0,
f ′λ(x) ≤
M
λ2
= O(t1/4),
so that for x ∈ [(u − 1)/t, u/t],∣∣∣∣∣fλ
(
u
t
)
− fλ(x)
∣∣∣∣∣ ≤ C′t1/4
∣∣∣∣ut − x
∣∣∣∣ ≤ C′t3/4 , (4.12)
and nally
t∑
u=t3/4+1
∫ u/t
(u−1)/t
∣∣∣∣∣fλ
(
u
t
)
− fλ(x)
∣∣∣∣∣dx = O
(
1
t3/4
)
.
Putting everything together, we get
ρt(z) =
∫ 1
t−1/4
1
x
e−‖z‖
2/txdx+O
(
1
t9/16
)
. (4.13)
Making the hange of variable u = ‖z‖2/tx, we obtain
ρt(z) =
∫ ‖z‖2/t3/4
‖z‖2/t
e−u
u
du +O
(
1
t9/16
)
, (4.14)
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whih allows us to onlude, sine∫ +∞
‖z‖2/t3/4
e−u
u
du = O
(
t3/4
‖z‖2 e
−‖z‖2/t3/4
)
= O(t−1/8e−t
1/8
). (4.15)
Sine q¯µ,t(r) is stritly dereasing, tends to 0 as r→∞, and to 1 as r → 0+,
we an introdue
r∗µ,t = (q¯µ,t)
−1(1/2), (4.16)
and an easy alulation shows in this ase that
r∗µ,t =
√
F−1
(
2π log 2
µ
√
3
)√
t, (4.17)
with F (x) =
∫ +∞
x
e−u
u du, that is a dereasing bijetion from (0,+∞) onto itself.
We also onsider
r−µ,t = (q¯µ,t)
−1(3/4) and r+µ,t = (q¯µ,t)
−1(1/4), (4.18)
and we have
r±µ,t = C
±√t. (4.19)
If we ompute the derivative of q¯µ,t(r) with respet to r,
∂
∂r
q¯µ,t(r) = (1− q¯µ,t(r)) ×
√
3µ
2π
× e
−r2/t
r2/t
× 2r
t
,
we get, similarly to Eq.(3.10), that
q¯µ,t(r) =
1
2
− ǫ(r)√
t
(
r − r∗n,t
)
, (4.20)
for r ∈ [r−µ,t, r+µ,t], where C1 ≤ ǫ(r) ≤ C2. We are thus in a position to apply
the same onstrution as in the previous setion (Figure 2), and the properties
of Theorem 1 (ase (ii)) still hold: for any small ǫ > 0, with probability tending
to 1 as t→∞,
(a) there is a unique interfae γt surrounding ∂Stǫ ,
(b) this interfae remains loalized in the annulus Sr∗µ,t−t2/7+ǫ,r∗µ,t+t2/7+ǫ around
∂Sr∗µ,t , and its utuations ompared to the irle r = r
∗
µ,t are larger than
t2/7−ǫ, both inward and outward,
() its disrete length Lt satises t
5/7−ǫ ≤ Lt ≤ t5/7+ǫ.
19
Remark 6. We ould also modify our model by adding a xed number n0 of
partiles at eah time t: the same results apply in this ase, by using a Poisso-
nian approximation in the same set A of sites as in the previous setion. Indeed,
we an ensure that the onguration in A oinides with the Poissonian on-
guration with probability at least 1− ρt(A), for
ρt(A) =
∑
z∈A
ρt(z) =
t∑
u=0
πu(A). (4.21)
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